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Let R be a ring and Q be a quiver. We study the homotopy
categories K(PrjQ) and K(InjQ) consisting, respectively, of pro-
jective and injective representations of Q by R-modules. We
show that, for certain quivers, these triangulated categories are
compactly generated and provide explicit descriptions of com-
pact generating sets. Moreover, in case R is commutative and
noetherian with a dualizing complex D , the dualizing functor
D⊗R − :K(Prj R) −→ K(Inj R) is extended to a triangulated functor
K(PrjQ) −→ K(InjopQ) which is an equivalence of triangulated
categories. This functor, establishes an equivalence on K(PrjQ) and
K(InjQ), whenever Q is ﬁnite.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let R be an associative ring with identity and Q be a quiver without oriented cycles. We denote by
Rep(Q, R) the category of representations of Q by R-modules and R-homomorphisms. Let us consider
the following four different classes of objects of Rep(Q, R):
• PrjQ = all representations by projective modules with split monomorphism maps,
• InjQ = all representations by injective modules with split epimorphism maps,
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• Injop Q = all representations by injective modules with split monomorphism maps.
It is known that in case Q is left (resp. right) rooted, PrjQ (resp. InjQ) is just the class of projective
(resp. injective) objects of Rep(Q, R), see [EE] and [EER].
For a class X of objects, let K(X ) denote the homotopy category of complexes over X ; its objects
are complexes over X , and morphisms are morphism of complexes modulo homotopy equivalence.
Recently, in a series of papers, Krause [K05], Jørgensen [J], Iyengar and Krause [IK] and Nee-
man [N08] studied the homotopy categories K(Inj R) and K(Prj R) deeply. When R is a commutative
noetherian ring, Krause [K05] and Neeman [N08] proved that the homotopy categories K(Inj R)
and K(Prj R) are compactly generated. Also, when R has a dualizing complex, Krause [K05] and
Jørgensen [J] described how the categories K(Inj R) and K(Prj R) may be viewed as an inﬁnite com-
pletion for Db(R-mod), where R-mod is the category of ﬁnitely generated R modules. Afterwards,
Neeman proved in [N08] that K(Prj R) is the inﬁnite completion of Db(R-mod)op even if there is no
dualizing complex. In case R has a dualizing complex D , Iyengar and Krause [IK] showed that the
triangulated functor D ⊗R − : K(Prj R) −→ K(Inj R) is an equivalence. In fact, it is an extension of the
Grothendieck duality functor:
Db(R-mod)
HomR (−,D)
Db(R-mod).
HomR (−,D)
In order to develop the theory to schemes, Neeman provides an equivalence [N08, §8]
K(Prj R) K(Flat R) K(Flat R)
Kp(Flat R)
of triangulated categories, in which K(Prj R) is considered as a subcategory of the homotopy cat-
egory K(Flat R) of ﬂat modules and Kp(Flat R) is the full subcategory of K(Flat R) consisting of
pure complexes, i.e. those that remain exact after tensoring by any R-module. By using this equiva-
lence, Murfet [M] extends the theory to the category of quasi-coherent sheaves over a semi-separated
noetherian scheme, where we do not have enough projectives, but we do have enough ﬂats.
Following through the project, a natural attempt is to try to extend these nice results to an ex-
panded category of R-modules. To this end, we shall consider the category of representations of a
quiver and we will study the homotopy categories K(PrjQ), K(InjQ) and K(Injop Q). Firstly, we
investigate the conditions under which the homotopy categories K(PrjQ) and K(Injop Q) are com-
pactly generated. For a left rooted quiver Q of “countable depth” (see Deﬁnition 3.2), we show that
K(PrjQ) is compactly generated, provided K(Prj R) is so. To do this, we show that an object X of
K(PrjQ) is contractible if and only if for each vertex v of Q, the vertex complex Xv is contractible;
see Theorem 3.3. So, one of our main theorems can be stated as Theorem A below, where the letter
kvλ denotes the left adjoint to the evaluation functor k
v : K(Q) −→ K(R) which sends a complex of
representations to the corresponding complex of R-modules at the vertex v of Q.
Theorem A. Let Q be a left rooted quiver of countable depth.
i) If S is a compact generating set for K(Prj R), then
S= {kvλ(P ): P ∈ S and v is a vertex of Q}
is a compact generating set for K(PrjQ).
ii) If R is noetherian and E is a compact generating set for K(Inj R), then
E= {kvλ(I): I ∈ E, and v is a vertex of Q}
is a compact generating set for K(Injop Q).
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To discuss the problem for the homotopy category K(InjQ), we show that this category is equiv-
alent to the category K(Injop Q), whenever Q is ﬁnite. In view of this equivalence, we have that
K(InjQ) is also compactly generated, provided R is noetherian. Moreover, we prove that, when Q
is ﬁnite, an object E of K(PrjQ) is compact if and only if for any vertex v ∈ V , Ev is compact in
K(Prj R). The same result is true for K(InjQ).
Now, assume that R is commutative and noetherian with a dualizing complex D . As we men-
tioned before, the triangulated functor D ⊗R − : K(Prj R) −→ K(Inj R) is an equivalence [IK, The-
orem I]. So, one could ask naturally if this equivalence is extendable to the homotopy category
of representations of a quiver. In effort to answer this question, we provide a triangulated functor
T : K(PrjQ) −→ K(Injop Q) which is an extension of the dualizing functor D ⊗R − and is, addi-
tionally, an equivalence. The approach we shall take to construct the functor T is the so-called
point-wise approach, which has been studied also in [H]. Let us explain it more explicitly. We be-
gin by deﬁning a functor T ′ :K(FlatQ) −→ K(Injop Q), where K(FlatQ) is the homotopy category
of ﬂat representations of Q in the sense of [EOT]. For any F ∈ K(FlatQ), T ′(F) is a complex
with Fv ⊗R D , for each vertex v , and with Fa ⊗R D , for any arrow a. Also, we deﬁne a functor
H : K(Injop Q) −→ K(FlatQ) such that, for each E ∈ K(Injop Q), H(E)v = HomR(D,Ev ), for any ver-
tex v , and H(E)a = HomR(D,Ea), for any arrow a. It is easy to see that T ′ and H are triangulated
functors and (T ′, H) is an adjoint pair. On the other hand, since the triangulated category K(PrjQ)
is compactly generated, by Theorem A, the inclusion functor i : K(PrjQ) −→ K(FlatQ) has a right
adjoint iρ . We set T = T ′i. In fact, the functor T can be factorized through the following commutative
diagram.
K(FlatQ)
T ′
iρ
K(PrjQ)
i
T
K(Injop Q).
H
So, the functor T has a right adjoint iρH . Our next main result is as follows.
Theorem B. If Q is left rooted of countable depth, then the triangulated functor T : K(PrjQ) −→ K(Injop Q)
is an equivalence, with quasi-inverse iρH.
Proof. See Section 4. 
Therefore, in case R is commutative noetherian with a dualizing complex D and Q is ﬁnite, the
equivalence T in view of Theorem 3.10 enables us to extend the equivalence functor D ⊗R − to the
triangulated categories K(PrjQ) and K(InjQ).
2. Some basic facts
Throughout, R is an associative ring with identity and unless otherwise speciﬁed, not necessarily
commutative. By a quiver Q = (V , E) we mean a directed graph in which V and E are vertices and
arrows of Q, respectively. We also include initial and target functions s, t : E −→ V which correspond
any arrow to its source and terminal vertex, respectively.
As usual, a quiver Q = (V , E) is said to be ﬁnite if both of the sets V and E are ﬁnite.
A ﬁnite (directed) path p in Q is a sequence am · · ·a1 of arrows with t(ai) = s(ai+1), i =
1, . . . ,n − 1. A tree is a quiver with a vertex v in such a way that for any vertex w of Q, there
exists a unique path starting in v and terminating in w; v is then called the root of the tree.
Let A denote an additive category and Q be a quiver. A representation of Q in A is a corre-
spondence which associates an object Ai to each vertex i and a morphism Aa : As(a) −→ At(a) to
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resent a quiver. In this case every vertex is represented by an R-module and every arrow by an
R-homomorphism.
Let X and Y be two representations by left R-modules of the quiver Q. A morphism f :X −→ Y
is a family of homomorphisms f v :Xv −→ Yv such that Ya ◦ f v = fw ◦ Xa for any arrow a : v −→ w .
The representations of Q by R-modules and R-homomorphisms form a category denoted by
Rep(Q, R).
It is known that the category Rep(Q, R) is a Grothendieck category. Moreover, when Q is ﬁnite, it
is equivalent to the category of modules over the path algebra RQ.
For any vertex v ∈ V of quiver Q = (V , E), let ev : Rep(Q, R) −→ R-Mod be the evaluation
functor deﬁned by ev(X ) = Xv , for any X ∈ Rep(Q, R). It is proved in [EH] that ev has a right
adjoint evρ : R-Mod −→ Rep(Q, R) given by evρ(M)w =
∏
Q(w,v) M for the R-module M , where
Q(w, v) denotes the set of paths starting in w and terminating in v , and by the natural projec-
tion evρ(M)a :
∏
Q(w1,v) M −→
∏
Q(w2,v) M for an arrow a : w1 −→ w2. Moreover, it is shown that ev
admits also a left adjoint evλ , deﬁned by e
v
λ(M)w =
⊕
Q(v,w) M.
Let f : Q′ −→ Q be a morphism of quivers. f is said to satisfy the (right) unique path lifting
property if for any vertex v of Q′ and any path ρ of Q such that t(ρ) = f (v), there exists at most
one path ρ ′ of Q′ such that f (ρ ′) = ρ and t(ρ ′) = v . f is said to be (right) covering if for any vertex
v of Q′ and any path ρ of Q such that t(ρ) = f (v), there exists a unique path ρ ′ of Q′ such that
f (ρ ′) = ρ and t(ρ ′) = v .
Recall from [EH] that an inclusion Q ⊆ W of quivers is called a forest over Q provided W is ob-
tained by amalgamating to Q some set of trees along their roots. The morphisms of quivers satisfying
the (right) unique path lifting property then can be characterized as follows.
Theorem 2.1. (See [EH, Theorem 2.1].) A morphism f : Q′ −→ Q of quivers has the (right) unique path lifting
property if and only if there exists a forest W overQ′ and an extension f¯ : W −→ Qwhich is a (right) covering
morphism.
It is clear that every embedding Q′ ⊆ Q of quivers has the (right) unique path lifting property
and so, by Theorem 2.1, has a factorization Q′ j↪→ W f−→ Q, where W is a forest over Q′ and f is
a covering morphism. Denote by j∗ : Rep(W , R) −→ Rep(Q′, R) and f ∗ : Rep(Q, R) −→ Rep(W , R)
the restriction functors induced respectively by j and f . This shows that the restriction functor
eQ′ : Rep(Q, R) −→ Rep(Q′, R) has right adjoint provided f ∗ and j∗ have. Therefore by Proposi-
tion 3.2 and Theorem 4.1 of [EH] and from the construction given in [EH, Theorem 2.1] we infer
the following description for eQ′ρ : for any X ∈ Rep(Q′, R), if v ∈ V (Q′) then
eQ
′
ρ (X )v = Xv ⊕
∏
s(aα)=v
t(aα)∈Q′
a/∈Q′
Xt(aα)
and if v /∈ V (Q′), then
eQ
′
ρ (X )v =
∏
s(aα)=v
t(aα)∈Q′
a/∈Q′
Xt(aα),
where α and a stand respectively for a path and an arrow. The arrows in eQ′ρ (X ) are represented
by the natural projections and if g : X −→ X ′ is a morphism in Rep(Q′, R), then eQ′ρ (g) is just the
obvious map.
As an example, consider the embedding {v} ⊆ Q. Hence for any R-module X and any vertex w ,
evρ(X)w =
∏
Q(w,v) X which recovers the familiar formula given in the previous section.
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phisms, respectively by dual tree, i.e. a quiver with an origin, left path lifting property and left cover-
ing morphism. This leads to the following description for a left adjoint of eQ′ : for any Y ∈ Rep(Q′, R),
if v ∈ V (Q′) then
eQ
′
λ (Y)v = Yv ⊕
⊕
s(αa)∈Q′
t(αa)=v
a/∈Q′
Ys(αa)
and if v /∈ V (Q′), then
eQ
′
λ (Y)v =
⊕
s(αa)∈Q′
t(αa)=v
a/∈Q′
Ys(αa).
The arrows in eQ
′
λ (Y) are represented by natural injections and if g : Y −→ Y ′ is a morphism in
Rep(Q′, R), then eQ′λ (g) is just the obvious map.
Again the embedding {v} ⊆ Q shows that for any R-module Y and any vertex w , evλ(Y )w =⊕
Q(v,w) Y .
The restriction functor eQ′ can be naturally extended to a functor kQ′ : K(Q) −→ K(Q′), where
K(Q) and K(Q′) are homotopy categories. This follows just by taking, for any complex X ∈ K(Q),
kQ′ (X ) to be X itself restricted to the vertices of Q′ and for any map f : X −→ Y in K(Q), kQ′ ( f )
is also the restriction of f .
Proposition 2.2. The functor kQ′ : K(Q) −→ K(Q′) has right and left adjoints.
Proof. Choose an element I ∈ K(Q′) and let kQ′ρ (I)i = eQ′ρ (Ii) and ∂k
Q′
ρ (I)
i = eQ
′
ρ (∂
I
i ). To see that
kQ′ρ is indeed a right adjoint, suppose E and I are complexes in K(Q) and K(Q′), respectively. Any
morphism g : kQ′ (E) −→ I can be represented as g = (gi)i∈Z , where gi : eQ′(Ei) −→ Ii . We have the
natural isomorphism
θeQ′ (Ei),Ii : Hom
(
eQ
′
(Ei),Ii
)−→ Hom(Ei, eQ′ρ (Ii)).
One veriﬁes that (θeQ′ (Ei),Ii (gi))i∈Z is a chain map from E to kQ
′
ρ (I) by the natural property of
adjoint pairs. Now let ϕ([g]) = [(θeQ′ (Ei),Ii (gi))i∈Z]. So there is a map ϕ : HomK(Q′)(kQ
′
(E),I) −→
HomK(Q)(E,kQ′ρ (I)). A similar argument also shows that there exists ψ : HomK(Q)(E,kQ′ρ (I)) −→
HomK(Q′)(kQ
′
(E),I) and that ψ is in fact the inverse of ϕ . 
Remark 2.3. Note that we may consider a quiver Q as a category; its objects are vertices and mor-
phisms are the paths in Q. In this case a representation of Q is just a functor from Q to the category
of R-modules R-Mod. Therefore Rep(Q, R) is the category of functors. We just note that, with this
point of view, the above proposition can be obtained from the Kan Extensions.
Example 2.4. Set Q′ = {v} ⊆ Q. Hence we get the functor kv : K(Q) −→ K(R). Note that ({v},Mod R)
is identiﬁed with the category of all R-modules. Applying Proposition 2.2, we conclude that kv has
right and left adjoints, denoted by kvρ and k
v
λ , respectively.
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of the form · · · −→ v2 −→ v1 (resp. v1 −→ v2 −→ · · ·).
Evidently, left (right) rooted quivers cannot contain oriented cycles.
Proposition 2.6. (See [EE].) Let Q be any quiver and Rep(Q, R) be the category of representations of Q by
R-modules and R-homomorphisms. If X ∈ Rep(Q, R) is injective, then for any vertex v of Q we have
i) Xv is an injective R-module.
ii) The morphism Xv −→∏s(a)=v Xt(a) is a splitting epimorphism.
The converse is true if Q is right rooted.
Remark 2.7. There is also an analogue characterization for projective representations of left rooted
quivers; see [EER]. Using the above theorem and its dual, it is known that for a left (resp. right)
rooted quiver Q, a projective (resp. injective) representation E is of the form ⊕v∈V evλ(P v ) (resp.∏
v∈V evρ(Ev)), where for any v ∈ V , P v (resp. Ev ) is the cokernel (kernel) of the split monomorphism⊕
t(a)=v Es(a) −→ Ev (resp. epimorphism Ev −→
∏
s(a)=v Et(a)).
Construction. Let Q = (V , E) be a quiver. We exploit transﬁnite induction to build special sets of
vertices Vα for any ordinal number α. Put
V1 =
{
v ∈ V : a ∈ E such that t(a) = v}.
Suppose α is an ordinal number and we have deﬁned Vα for any ordinal γ < α. Let
Vα =
{
v ∈ V
∖ ⋃
γ<α
Vγ : a ∈ E
∖{
a: s(a) ∈
⋃
γ<α
Vγ
}
such that t(a) = v
}
.
Proposition 2.8. A quiver Q is left rooted if and only if there is an ordinal number α such that V =⋃γα Vγ .
Proof. See [EOT, Proposition 3.6]. 
If Q is left rooted, we denote by μ(Q) the least ordinal number α for which V =⋃γα Vγ .
Notation. Let Q be a left rooted quiver. For every ordinal number δ, let Qδ denote the subquiver
whose set of vertices is V (Qδ) =⋃γδ Vγ . Clearly μ(Qδ) = δ. For convenience, we use the notations
eδ , eδλ and k
δ
λ respectively for e
Qδ , eQ
δ
λ and k
Qδ
λ .
Remark 2.9. Let Q be a left rooted quiver and δ < μ(Q) be an ordinal number. Consider the embed-
ding Qδ ⊆ Q. If Y ∈ Rep(Qδ, R) and v ∈⋃γδ Vγ , then
eδλ(Y)v = Yv ⊕
⊕
s(ρa)∈Qδ
t(ρa)=v
a/∈Qδ
Ys(ρa).
But the condition on v shows that there exists no arrow a satisfying these three conditions so
that eδλ(Y)v = Yv . Suppose then that δ < η < μ(Q) are ordinal numbers and E ∈ K(PrjQ). Then
Hom(kδλk
δ(E),kηλkη(E)) 
 Hom(kδ(E),kδkηλkη(E)). Since δ < η, the preceding formula shows that
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(
kδ(E),kδkηλkη(E)
)= Hom(kδ(E),kδ(E)).
Hence there exists a map φδη : kδλkδ(E) −→ kηλkη(E) extending the identity map on kδ(E). Now let
δ < η < γ < μ(Q) be ordinal numbers. The naturality of the above isomorphism applied to the map
φηγ : kηλkη(E) −→ kγλ kγ (E) leads to the following commutative diagram
HomK(PrjQ)(kδλk
δ(E),kηλkη(E))
φηγ
∗


HomK(PrjQ)(kδλk
δ(E),kγλ kγ (E))


Hom(kδ(E),kδkηλkη(E))
kδ(φηγ )
∗
Hom(kδ(E),kδkγλ kγ (E)).
Thus the maps φηγ ◦ φδη and φδγ are both mapped to the identity map on kδ(E) under the iso-
morphism of the right column. Hence φηγ ◦ φδη = φδγ . Therefore, the family
{
kδλk
δ(E)}
δ<μ(Q)
forms a direct system in K(PrjQ).
Lemma 2.10. Let Q be a left rooted quiver and E ∈ K(PrjQ). Then
(1) The direct limit lim−→δ<μ(Q) k
δ
λk
δ(E) exists in C(PrjQ), the category of complexes of projective representa-
tions of Q.
(2) There exists a degree-wise split, exact sequence
0 −→ lim−→
δ<μ(Q)
kδλk
δ(E) −→ E −→
⊕
v∈Vμ(Q)
kvλ
(
P v
)−→ 0
of complexes where, for each vertex v, P v is the cokernel of the degree-wise split monomorphism⊕
t(a)=v Es(a) −→ Ev .
Proof. (1) Let Q′ be the subquiver with the set of vertices V (Q′) =⋃α<μ(Q) Vα . Then it is a direct
consequence of Remark 2.9 that lim−→δ<μ(Q) k
δ
λk
δ(E) = kQ′λ kQ
′
(E).
(2) For any i ∈ Z, by Remark 2.7, Ei =⊕v∈V evλ(P vi ). Since
Ei =
(⊕
v∈V1
evλ
(
P vi
))⊕ · · · ⊕( ⊕
v∈Vμ(Q)
evλ
(
P vi
))
,
from the deﬁnition of Q′ , we deduce that there exists a split exact sequence
0 −→ eQ′λ eQ
′
(Ei) −→ Ei −→
⊕
v∈Vμ(Q)
evλ
(
P vi
)−→ 0.
For each vertex v of Q, the morphism ∂i induces a morphism ϕvi : P vi −→ P vi−1 such that the diagram
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t(a)=v(Ei)s(a) (Ei)v P vi
ϕvi⊕
t(a)=v(Ei−1)s(a) (Ei−1)v P vi−1
commutes. Hence the morphism
⊕
v∈Vμ(Q)
evλ
(
ϕvi
) : ⊕
v∈Vμ(Q)
evλ
(
P vi
)−→ ⊕
v∈Vμ(Q)
evλ
(
P vi−1
)
induces the following commutative diagram
Ei
∂i
⊕
v∈Vμ(Q) e
v
λ(P
v
i )
Ei−1
⊕
v∈Vμ(Q) e
v
λ(P
v
i−1).
On the other hand, for any v ∈ Vμ(Q) and any arrow s(a) a−→ v with s(a) ∈ V (Q′), the commutative
diagram
(Ei)s(a)
(∂i−1)s(a)
Ei(a)
(Ei−1)s(a)
Ei−1(a)
(Ei)v
(∂i)v
(Ei−1)v
induces the commutative diagram
⊕
s(αa)∈Q′,t(αa)=v,a/∈Q′(Ei)s(αa)
⊕
s(αa)∈Q′,t(αa)=v,a/∈Q′(Ei−1)s(αa)
(Ei)v
(∂i)v
(Ei−1)v
which means that the diagram
eQ
′
λ e
Q′(Ei)v (Ei)v
eQ
′
λ e
Q′(Ei−1)v (Ei−1)v
also commutes. Note that for v ∈ V (Q′), the latter is trivially commutative. Therefore the exact
sequence mentioned at the beginning of the proof may be extended to the complexes. This, in con-
junction with statement (1), completes the proof. 
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For a triangulated category T with arbitrary coproducts, an object C ∈ T is called compact if
HomT (C, ) commutes with coproducts. The full subcategory formed by all compact objects of T is
denoted by T c .
Let S be a set of compact objects in T . Then S is said to generate T if HomT (Σn S,X ) = 0, for
all S ∈ S and n ∈ Z, implies that X = 0. In this situation, T is called compactly generated. There
is another approach to the notion of compactly generated triangulated categories: A full subcategory
T ′ ⊆ T is called localizing if it is closed under all retracts and coproducts of objects in T . The in-
tersection of the localizing subcategories of T containing a class S of objects is denoted by Loc(S).
Then a set S of compact objects generates T if and only if Loc(S) = T .
3. Compact objects ofK(PrjQ) andK(InjQ)
In this section, we study homotopy categories K(PrjQ) and K(InjQ) and show that for certain
quivers these categories are compactly generated. In particular, we show that if Q is a left rooted
quiver of “countable depth” and K(Prj R) is compactly generated, then K(PrjQ) is compactly gen-
erated. To this end, we ﬁrst describe the contractibility of an object of K(Q). Let us begin with a
general proposition.
Proposition 3.1. Let γ be a countable ordinal and {Aα,φαβ}αβ<γ be a direct system of complexes each of
whose terms belongs to an abelian category C . Suppose that for any α  β < γ , the map φαβ : Aα −→ Aβ
is a degree-wise split monomorphism and that the complexes Aα are contractible. Then lim−→ A
α , if exists, is
contractible.
Proof. If γ = γ ′ + 1 is a successor, then the direct limit is Aγ ′ which is contractible by the assump-
tion. So one may take γ a limit ordinal. If γ = ℵ0, according to Remark 2.16 of [M], there exists a
triangle
⊕
i1
Ai
⊕
i1
Ai lim−→ A
i
in K(C). Now the result follows since by assumption, ⊕i1 Ai is contractible.
If γ is an arbitrary countable limit ordinal, the mentioned direct system has a coﬁnal subsystem
indexed by the natural numbers. Thus one can replace the given direct system with {Ai}i1 and go
back to the case where γ = ℵ0. 
Deﬁnition 3.2. A left rooted quiver Q is said to be of “countable depth” if μ(Q) is a countable ordinal.
Theorem 3.3. Suppose that Q is a left rooted quiver of countable depth. Let E be a complex of projective
representations. Then E is contractible if and only if for all v ∈ V , Ev is contractible.
Proof. The “only if” part is clear. So assume that for all vertices v , Ev is contractible. Suppose we
are done for all quivers Q′ , with μ(Q′) < μ(Q). If Vμ(Q) = ∅, by Lemma 2.10, we can consider E
as E = lim−→δ<μ(Q) kδλkδ(E). We infer from induction hypothesis that kδ(E) and therefore kδλkδ(E) is
contractible for all δ < μ(Q). Since Q is of countable depth, the conditions of Proposition 3.1 are
satisﬁed. Therefore E is contractible.
If Vμ(Q) = ∅, by Lemma 2.10, there exists a degree-wise split, exact sequence
0 −→ lim−→
δ<μ(Q)
kδλk
δ(E) −→ E −→
⊕
v∈Vμ(Q)
kvλ
(
P v
)−→ 0,
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t(a)=v Es(a) −→ Ev . Hence by using the triangle
Ev
⊕
t(a)=v
Es(a) P v
in K(Prj R), we can deduce that P v is contractible. Therefore kvλ(P
v), for all v ∈ V , is contractible.
Now use the triangle
lim−→
δ<μ(Q)
kδλk
δ(E) E
⊕
v∈Vμ(Q)
kvλ(P
v)
in K(PrjQ) and apply the induction argument used above to complete the proof. 
Lemma 3.4. Let Q be an arbitrary quiver. If P ∈ K(Prj R) is a compact object, then for all v ∈ V , kvλ(P ) is a
compact object in K(PrjQ).
Proof. Suppose that {Ci}i∈I is a family of objects in K(PrjQ). Then the result follows from the fol-
lowing equalities.
HomK(PrjQ)
(
kvλ(P ),
⊕
i∈I
Ci
)
= HomK(Prj R)
(
P ,
⊕
i∈I
(Ci)v
)
∼=
⊕
i∈I
HomK(Prj R)
(
P , (Ci)v
)
∼=
⊕
i∈I
HomK(PrjQ)
(
kvλ(P ),Ci
)
. 
More generally, the claim of Lemma 3.4 follows from the fact that the right adjoint to kvλ , which is
by deﬁnition kv , preserves coproducts. See Lemma 5.4.1 in [K10].
Theorem 3.5. Let Q be a left rooted quiver of countable depth. Moreover, let S be a compact generating set for
K(Prj R). Then
S= {kvλ(P ): P ∈ S, v ∈ V }
is a compact generating set for K(PrjQ).
Proof. By Lemma 3.4, for any P ∈ S , kvλ(P ) is compact. On the other hand, if E ∈ K(PrjQ) is such
that HomK(PrjQ)(kvλ(P ),E) = 0 for any element kvλ(P ) of S, then HomK(Prj R)(P ,Ev) = 0 for all v and
all P ∈ S . Therefore Ev = 0 for all v ∈ V . Now, by Theorem 3.3, we conclude that E = 0. 
Recall that Injop Q was deﬁned, in the introduction, as the full subcategory formed by all repre-
sentations possessing an injective module in each vertex and with the split monomorphism maps. It
is a straightforward veriﬁcation to see that the proof given for Theorem 3.5 also works for Injop Q.
Therefore, we have the following theorem.
Theorem 3.6. Let R be noetherian and Q be a left rooted quiver of countable depth. Moreover, let E be a
compact generating set for K(Inj R). Then
E= {kvλ(I): I ∈ E, v ∈ V }
is a compact generating set for K(Injop Q).
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K(PrjQ) and K(InjQ), when Q is ﬁnite, in terms of the complexes obtained in each vertex. More
precisely, let E ∈ K(PrjQ) and look at the complexes Ev , for all v . Then, how does the compactness
of E and Ev ’s impress each other? To be able to provide an answer to this question, let us ﬁrst present
some preliminaries.
Let Q be a ﬁnite quiver without oriented cycles. Then, by [EE], any projective representa-
tion of Q is of the form P = ⊕v∈V evλ(P v), where P v is the cokernel of the split monomor-
phism
⊕
t(a)=v Ps(a) −→ Pv . For any projective representation P =
⊕
v∈V evλ(P v) of Q, set Pˆ =⊕
v∈V evρ(P v). Clearly for any projective representation P , Pˆ is an object in the category Prjop Q.
Let P and F be projective R-modules and v , w be two vertices of Q. Then from the adjoint pairs
(evλ, e
v) and (ev , evρ) we get
HomQ
(
evλ(P ), e
w
λ (F )
)
 HomR(P , evewλ (F ))

 HomR
(
P ,
⊕
Q(w,v)
F
)


⊕
Q(w,v)
HomR(P , F )

 HomR
(
ewevρ(P ), F
)

 HomQ
(
evρ(P ), e
w
ρ (F )
)
.
Suppose then that P =⊕v∈V evλ(P v) and F =⊕v∈V evλ(F v) are projective representations of Q.
Hence by the above computations,
HomQ(P,F) = HomQ
(⊕
v∈V
evλ
(
P v
)
,
⊕
w∈V
ewλ
(
F w
))


⊕
v
⊕
w
HomQ
(
evλ
(
P v
)
, ewλ
(
F w
))


⊕
v
⊕
w
HomQ
(
evρ
(
P v
)
, ewρ
(
F w
))

 HomQ(Pˆ, Fˆ).
This easy observation enables us to deﬁne a map ̂ : PrjQ −→ Prjop Q such that any P ∈ PrjQ is
mapped under ̂ to Pˆ , as deﬁned above, and any morphism ϕ : P −→ F of projective representations
is mapped to the unique morphism ϕˆ which corresponds to ϕ via the isomorphism given above.
In what follows, our aim is to show that ̂ is in fact an equivalence of categories.
Lemma 3.7. For a ﬁnite quiver Q, the map ̂ : PrjQ −→ Prjop Q, as deﬁned above, is an additive functor.
Proof. Let ϕ : P −→ F and ψ : F −→ R be morphisms in PrjQ. Using the naturality imposed by the
adjoint pairs, we get the following commutative diagram
HomQ(P,F)
ψ∗


HomQ(P,R)


HomQ(Pˆ, Fˆ)
ψˆ∗
HomQ(Pˆ, Rˆ).
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the isomorphism HomQ(P,F) 
 HomQ(Pˆ, Fˆ) is an isomorphism of abelian groups. 
Theorem 3.8. For a ﬁnite quiver Q, ̂ : PrjQ −→ Prjop Q is an equivalence of categories.
Proof. It is obvious from the construction that ̂ is fully faithful. On the other hand, for any repre-
sentation P ′ =⊕v evρ(P v) in Prjop Q, P ′ = Pˆ , where P =⊕v evλ(P v). Hence ̂ is dense. So it is an
equivalence. 
Almost all the preceding arguments can be applied to InjQ instead of PrjQ, i.e. one deﬁnes a
functor ̂ : Injop Q −→ InjQ and applies the above argument to prove the following theorem. So we
skip the proof.
Theorem 3.9. For a ﬁnite quiver Q, InjQ 
 Injop Q.
The functor ̂ can be naturally extended to a functor K(PrjQ) −→ K(Prjop Q) which we denote
again by ̂. So for any X ∈ K(PrjQ), let X̂ be the complex with Xˆi as its i-th term and ∂̂ Xi as its i-th
differential. Therefore we have
Proposition 3.10.When Q is ﬁnite, the functor ̂, as deﬁned above, is an equivalence of homotopy categories.
Now we are in the position to answer the above question. Namely, we want to know what happens
to the corresponding vertex complexes Ev whenever an object E ∈ K(PrjQ) is compact.
Theorem 3.11. Let Q be ﬁnite and E ∈ K(PrjQ). Then E is compact if and only if for any vertex v ∈ V , Ev is
compact in K(Prj R).
Proof. Set P v = Coker(⊕t(a)=v Es(a) −→ Ev). It is clear from deﬁnition that P v = Ker(Eˆv −→⊕
s(a)=v Eˆt(a)). Note that for all v ∈ V1, P v = Ev . We invoke induction on n = μ(Q) and the trian-
gles
⊕
t(a)=v
Es(a) Ev P v
and
P v Eˆv
⊕
s(a)=v
Eˆt(a)
to deduce that Ev is compact for all v ∈ V if and only if Eˆv is compact for all v ∈ V (both as elements
of K(Prj R)). On the other hand, E is compact if and only if Eˆ is compact. Hence it suﬃces to show
that Eˆ is compact in K(Prjop Q) if and only if for all v ∈ V , Eˆv is compact in K(Prj R).
Suppose ﬁrst that Eˆ is compact in K(Prjop Q). Then for any family {Ci} and v ,
HomK(Prj R)
(
Eˆv ,
⊕
Ci
)
= HomK(Prjop Q)
(
Eˆ,kvρ
(⊕
Ci
))
∼=
⊕
HomK(Prjop Q)
(Eˆ,kvρ(Ci))
∼=
⊕
HomK(Prj R)(Eˆv ,Ci).
Suppose then that Eˆv is compact for all v ∈ V . The second triangle above shows that P v is com-
pact for any v ∈ V . Therefore the triangle
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v∈Vn
kvρ(P
v) Eˆ kn−1ρ kn−1(Eˆ)
together with the induction on μ(Q) yields the result. 
The following theorem provides a compact generating set for K(InjQ), when Q is ﬁnite.
Theorem 3.12. Let Q be ﬁnite and S be a compact generating set of K(Inj R). Then
S= {kvρ(I): v ∈ V , I ∈ S}
is a compact generating set for K(InjQ).
Proof. Since Q is ﬁnite, K(InjQ) 
 K(Injop Q). The result now follows from Theorem 3.6. 
We close this section by a description of compact objects of K(InjQ), when Q is ﬁnite.
Corollary 3.13. Let Q be a ﬁnite quiver and I ∈ K(InjQ). Then I is compact if and only if I v is compact, for
all v.
Proof. The proof is a modiﬁcation of the proof of Theorem 3.11, in view of the fact that for a ﬁnite Q,
one has K(InjQ) 
 K(Injop Q). 
4. Proof of Theorem B
We break the proof into the following lemmas. Recall that by [IK], the inclusion functor
i :K(Prj R) −→ K(Flat R) has a right adjoint which we denote by q. Also iρ is, according to the
notations of Section 1, the right adjoint to the inclusion K(PrjQ) −→ K(FlatQ).
Lemma 4.1. The functor H is a right adjoint of T ′ .
Proof. This is immediate in view of the fact that (− ⊗ D,Hom(D,−)) form an adjoint pair. 
Lemma 4.2. Let Q be as above. Then for any F ∈ K(Flat R) and v, iρkvλ(F ) 
 kvλ(q(F )), as elements in
K(PrjQ).
Proof. Let F ∈ K(Flat R). Since K(PrjQ) is a full subcategory of K(FlatQ), from the adjoint pair (i, iρ)
we have a natural isomorphism
HomK(PrjQ)
(
kvλ
(
q(F )
)
,kvλ
(
q(F )
))= HomK(FlatQ)(kvλ(q(F )),kvλ(q(F )))

 HomK(PrjQ)
(
kvλ
(
q(F )
)
, iρk
v
λ(F )
)
denoted by f . Hence one obtains a morphism h : kvλ(q(F )) −→ iρkvλ(F ) which can be completed to a
triangle
kvλ(q(F ))
h
iρkvλ(F ) L (∗)
in K(PrjQ). More generally, for any object P ∈ K(Prj R) and any vertex w , there exists a natural
isomorphism
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(
kwλ (P ),k
v
λ
(
q(F )
))
 HomK(PrjQ)(kwλ (P ), iρkvλ(F ))
such that for any d : kwλ (P ) −→ kvλ(q(F )) in K(PrjQ), the diagram
HomK(PrjQ)(kvλ(q(F )),k
v
λ(q(F )))
f
d∗
HomK(PrjQ)(kvλ(q(F )), iρk
v
λ(F ))
d∗
HomK(PrjQ)(kwλ (P ),k
v
λ(q(F )))
g
HomK(PrjQ)(kwλ (P ), iρk
v
λ(F ))
commutes; hence g(d)=hd. In other words, applying the cohomological functor HomK(PrjQ)(kwλ (P ),−)
on (∗) yields that HomK(PrjQ)(kwλ (P ), L) = 0. Now use the generating set {kvλ(P ): P ∈ K(Prj R)c, v ∈ V }
of K(PrjQ) to conclude that L = 0 in K(PrjQ). Hence iρkvλ(F ) 
 kvλ(q(F )). 
Lemma 4.3. Let C be a compactly generated triangulated category, F ,G : C −→ C be coproduct preserving
triangulated functors and S be a compact generating set for C . Moreover, assume that there exists a natural
transformation η : F −→ G. If η|S is isomorphism, then η is a natural equivalence.
Proof. Set C1 = {C ∈ C: ηC is isomorphism}. It is easy to see that C1 is a localizing subcategory of C
containing S . Hence C1 = C . 
Proof of Theorem B. We just show that the functor iρHT is naturally equivalent to the identity func-
tor of K(PrjQ). One obtains the other equivalence in a similar way. Since (T , iρH) is an adjoint pair,
there exist natural transformations
η : IdK(PrjQ) −→ iρHT , ξ : T iρH −→ IdK(Injop Q).
Let S ′ be a compact generating set for K(Prj R). Then, by Theorem 3.5,
S = {kvλ(P ): P ∈ S ′, v ∈ V }
is a compact generating set for K(PrjQ). Applying Lemma 4.3, it suﬃces to show that for any P ∈ S ′
and v ∈ V , ηkvλ(P ) is an isomorphism. Complete ηkvλ(P ) to a triangle
kvλ(P ) iρHT (k
v
λ(P )) L
in K(PrjQ). Thus, according to the deﬁnitions of H and T and using Lemma 4.2, we get the following
triangle in K(PrjQ)
kvλ(P ) k
v
λ(q(Hom(D, D ⊗ P ))) L .
But Theorem 4.2 of [IK] implies that for any vertex w , Lw = 0. Finally Theorem 3.3 yields L = 0.
Therefore ηkvλ(P ) : kvλ(P ) −→ iρHT (kvλ(P )) is an isomorphism. 
Corollary 4.4. Let R be a commutative noetherian ring with dualizing complex D and Q be a ﬁnite quiver.
Then the composition functor ̂T : K(PrjQ) −→ K(InjQ) is an equivalence of triangulated categories
Proof. This follows immediately from Theorem B and Proposition 3.10. 
J. Asadollahi et al. / Journal of Algebra 346 (2011) 101–115 115Remark 4.5. Let R and Q be as in the above corollary. By modifying the proof of [S, Theorem 3.9],
we see that D ′ = HomR(RQ, D) is a dualizing complex for the ring RQ in the non-commutative
sense; see [IK] for the details. On the other hand it is known that, since Q is ﬁnite, there exists an
equivalence Mod RQ 
 Rep(Q, R) which induces an equivalence of homotopy categories K(Prj RQ) 

K(PrjQ). Taking into account how the latter equivalence works, it is not diﬃcult to verify that the
diagram
K(Prj RQ)
D ′⊗RQ−


K(Inj RQ)


K(PrjQ) ̂T K(InjQ)
is commutative. Therefore, the functor D ′ ⊗RQ − is indeed an equivalence of triangulated categories.
This explains the interplay between the functors ̂T and D ′ ⊗RQ −. The authors thank the referee
for mentioning this point.
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